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SUBSTITUTION OPERATORS ON THE SPACE OF FORMAL
POWER SERIES WITH A WEIGHTED CAUCHY PRODUCT
Y. ESTAREMI AND M. R. JABBARZADEH
Abstract. Boundedness of ⋄-substitution operator u ⋄ Cϕ on ℓp(β), with a
weighted Cauchy product ⋄, is investigated by an inductive argument on the
pair (u,ϕ).
1. Introduction
Let {βn}∞n=0 be a sequence of positive numbers with β(0) = 1 and 1 ≤ p < ∞.
We consider the space of sequences f = {fˆ(n)} such that
‖f‖pβ =
∞∑
n=0
|fˆ(n)|pβ(n)p <∞.
We shall use the formal notation f(z) =
∑∞
n=0 fˆ(n)z
n whether or not the se-
ries converges for any complex values of z. These are called formal power series.
Throughout this paper, we consider the space ℓp(β) to be defined by
ℓp(β) = {f : f(z) =
∞∑
n=0
fˆ(n)zn, ‖f‖β <∞}.
Note that if limn β(n+ 1)/β(n) = 1 or lim infn β(n)
1/n = 1, then ℓp(β) consists
of functions analytic on the open unit disc D = {z ∈ C : |z| < 1}. The Hardy,
Bergman and Dirichlet spaces can be viewed in this way when p = 2 and respectively
β(n) = 1, β(n) = (n+ 1)−1/2 and β(n) = (n+ 1)1/2. For a beautiful exposition of
the study of classic ℓp(β) spaces, see [1, 3, 4] and the references therein.
Let {δn}∞n=0 be a sequence of positive numbers with δ0 = 1. Given arbitrary two
functions f(z) =
∑∞
n=0 fˆ(n)z
n and g(z) =
∑∞
n=0 gˆ(n)z
n of the space ℓp(β), define
the following generalized Cauchy product series
(f ⋄ g)(z) =
∞∑
n=0
∞∑
m=0
δn+m
δnδm
fˆ(n)gˆ(m)zn+m.(1.1)
Note that ℓp(β) is not unitarily equivalent to ℓp(β˜) with β˜(n) := δn+1β(n)/(δ1δn),
because in general the sequence {β˜(n)/β(n)} is not necessarily constant (see [3]).
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Let u, ϕ ∈ l0(β), the set of all formal power series. The operator u ⋄ Cϕ : ℓp(β) →
l0(β) defined by
(u ⋄ Cϕ)(f) = u ⋄ (f ◦ ϕ), f ∈ ℓp(β)
is called ⋄-substitution operator on ℓp(β). Note that if limn β(n+ 1)/β(n) = 1 or
lim infn β(n)
1/n = 1, we shall assume that ϕ(D) ⊆ D, where D is the open unit disc.
Substitution (weighted composition) operators are well-studied in many classical
spaces. In this note we initiate the study of ⋄-substitution operators on ℓp(β) with
⋄-multiplicaton. There is a few results about substitution operator uCϕ on ℓp(β)
(see [2, 4]). In the next section, by an inductive argument on the pair (u, ϕ), we give
some sufficient and necessary conditions for boundedness of ⋄-substitution operator
u ⋄ Cϕ on ℓp(β).
2. Boundedness of u ⋄ Cϕ on ℓp(β)
Theorem 2.1. Let m,n ∈ N0. If ϕ(z) = zm, then Cϕ ∈ B(lp(β)) if and only if
supn∈N0 β(nm)/β(n) <∞. In this case
‖Cϕ‖ = sup
n∈N0
β(nm)
β(n)
.
Proof. Suppose that M := supn∈N0 β(nm)/β(n) is finite. Then for every f ∈
lp(β) we have
f ◦ ϕ(z) = f(ϕ(z)) = f(zm) =
∞∑
n=0
fˆ(n)znm
and
‖Cϕf‖pβ = ‖
∞∑
n=0
fˆ(n)znm‖pβ =
∞∑
n=0
|fˆ(n)|pβ(nm)p
≤Mp
∞∑
n=0
|fˆ(n)|pβ(n)p = Mp‖f‖pβ.
Thus ‖Cϕ‖ ≤M , and so Cϕ is a bounded operator on lp(β). On the other hand, if
we put fn(z) = z
n, then we get that
β(nm)p = ‖znm‖pβ = ‖Cϕzn‖pβ ≤ ‖Cϕ‖p‖zn‖pβ = ‖Cϕ‖pβ(n)p,
and so M ≤ ‖Cϕ‖. ✷
Theorem 2.2. Let αi ∈ R and ϕ(z) =
∑d
m=0 αmz
m. Put
Bd =
∞∑
n=0
[∑
L∈N0
( |θn,L|β(n))
β(L)
)q] pq
,
where q is the conjugate exponent to p,
θn,L :=
∑
(l0,l1,...,ld)∈N(n,L)
L!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
,
with N(n, L) := {(l0, l1, ..., ld)| li ∈ N0,
∑d
i=0 li = L,
∑d
i=1 ili = n}. Then the
following hold.
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(a) If Bd <∞, then Cϕ ∈ B(lp(β)) and ‖Cϕ‖ ≤ p
√
Bd.
(b) If Cϕ ∈ B(lp(β)), then
M := sup
n≥0
(∑
L∈N0
|θn,L|pβ(L)p
) 1
p
β(n)
<∞,
and ‖Cϕ‖ ≤M .
Proof. (a) Take N(n) = {(l0, l1, ..., ld)| li ∈ N0, Σdi=0li = n}. Then for each
f ∈ lp(β), we have
f ◦ ϕ(z) = f(ϕ(z)) =
∞∑
n=0
fˆ(n)(ϕ(z))n =
∞∑
n=0
fˆ(n)(
d∑
m=0
αmz
m)n
=
∞∑
n=0
fˆ(n)
 ∑
(l0,l1,...,ld)∈N(n)
n!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
z
∑d
i=1
ili
 .
This implies that
f̂ ◦ ϕ(n) =
∑
L∈N0
fˆ(L)
 ∑
(l0,l1,...,ld)∈N(n,L)
L!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
 = ∑
L∈N0
fˆ(L)θn,L,
and
‖Cϕf‖pβ =
∞∑
n=0
|f̂ ◦ ϕ(n)|p|β(n)p =
∞∑
n=0
|
∑
L∈N0
fˆ(L)θn,L|pβ(n)p.
Now, by using Ho¨lder inequality we get that
‖Cϕf‖pβ ≤
∞∑
n=0
(∑
L∈N0
|fˆ(L)|β(L) |θn,L|β(n)
β(L)
)p
≤
∞∑
n=0
(∑
L∈N0
|fˆ(L)|pβ(L)p
)(∑
L∈N0
(
|θn,L|β(n))
β(L)
)q
) p
q
.
It follows that ‖Cϕf‖β ≤ p
√
Bd ‖f‖β, and so ‖Cϕ‖ ≤ p
√
Bd.
(b) Let Cϕ ∈ B(lp(β)). For fn(z) = zn we have
fn(ϕ(z)) = (
d∑
m=0
αmz
m)n =
∑
(l0,l1,...,ld)∈N(n)
n!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
z
∑d
i=1 ili .
So, for each L ∈ N0
f̂n ◦ ϕ(L) =
∑
(l0,l1,...,ld)∈N(L,n)
n!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
= θn,L.
Thus we have
‖Cϕfn‖pβ =
∑
L∈N0
|θn,L|pβ(L)p ≤ ‖Cϕ‖p‖fn‖pβ = ‖Cϕ‖pβ(n)p,
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and so M ≤ ‖Cϕ‖ <∞.
Theorem 2.3. Let m ∈ N0, M(m) = {km : k ∈ N0} and let ϕ(z) = zm.
(a) Put
α = sup
n∈N0
∑
k∈Am,n
(
δnβ(n)
δkδn−kβ(k)β(
n−k
m )
)q
,
where An,m := {k : 0 ≤ k ≤ n and n − k ∈ M(m)} and 1/p + 1/q = 1. If
u ∈ ℓp(β) and α < ∞, then u ⋄ Cϕ is a bounded operator on lp(β). In this case
‖u ⋄ Cϕ‖ ≤ α1/q‖u‖β.
(b) If u ⋄ Cϕ is a bounded operator on lp(β), then
M := sup
l∈N0
(∑∞
n=ml
(
δnβ(n)|uˆ(n−ml)|
δmlδn−ml
)p) 1p
β(l)
<∞,
and M ≤ ‖u ⋄ Cϕ‖.
Proof. (a) Let u, f ∈ lp(β) and α < ∞. Then f ◦ ϕ(z) = ∑∞n=0 fˆ(n)znm,
f̂ ◦ ϕ(n− k) = fˆ(n−km ) and
̂u ⋄ (f ◦ ϕ)(n) =
n∑
k=0
δnuˆ(k)f̂ ◦ ϕ(n− k)
δkδn−k
=
∑
k∈An,m
δnuˆ(k)fˆ(
n−k
m )
δkδn−k
.
It follows that
‖u ⋄ (f ◦ ϕ)‖pβ =
∞∑
n=0
| ̂u ⋄ (f ◦ ϕ)(n)β(n) |p=
∞∑
n=0
|
∑
k∈An,m
δnβ(n)
δkδn−k
uˆ(k)fˆ(
n− k
m
)|p
≤
∞∑
n=0
 ∑
k∈An,m
δnβ(n)
δkδn−kβ(k)β(
n−k
m )
|uˆ(k)|β(k)|fˆ (n− k
m
)|β(n− k
m
)
p
Ho¨lder≤
∞∑
n=0
 ∑
k∈An,m
(
δnβ(n)
δkδn−kβ(k)β(
n−k
m )
)q
p
q
×
 ∑
k∈An,m
|uˆ(k)|pβ(k)p|fˆ(n− k
m
)|pβ(n− k
m
)p

≤ α pq
∞∑
n=0
∑
k∈An,m
|uˆ(k)|pβ(k)p|fˆ(n− k
m
)|pβ(n− k
m
)p
≤ α pq ‖f‖pβ‖u‖pβ.
Thus ‖u ⋄ Cϕ‖ ≤ α1/q‖u‖β, and so u ⋄ Cϕ is bounded.
(b) Let u ⋄ Cϕ ∈ B(lp(β)). For fl(z) = zl we have fl ◦ ϕ(z) = zml and
̂u ⋄ fl ◦ ϕ(n) =
n∑
k=0
δnuˆ(k)fˆl(
n−k
m )
δkδn−k
.
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It follows that
̂u ⋄ fl ◦ ϕ(n) =
{
δnuˆ(n−ml)
δmlδn−ml
n ≥ ml
0 n < ml.
Thus
‖ ̂u ⋄ fl ◦ ϕ‖pβ =
∞∑
n=ml
(
δnβ(n)|uˆ(n−ml)|
δmlδn−ml
)p
≤ ‖u ⋄ Cϕ‖p‖fl‖pβ = ‖u ⋄ Cϕ‖pβ(l)p.
This implies that(∑∞
n=ml
(
δnβ(n)|uˆ(n−ml)|
δmlδn−ml
)p) 1p
β(l)
≤ ‖u ⋄ Cϕ‖ <∞,
and so M < ‖u ⋄ Cϕ‖ <∞. ✷
For each u ∈ ℓp(β), let M⋄,u : ℓp(β) → ℓ0(β) defined by M⋄,u(f) = u ⋄ f be its
corresponding ⋄-multiplication linear operator. Put
αo := sup
n∈N0
n∑
k=0
(
δnβ(n)
δkδn−kβ(k)β(n − k)
)q
.
Then by Theorem 2.3, if α0 <∞ then ‖M⋄,u‖ ≤ αo1/q. Also, it is easy to see that
the constant function f = 1 is a unity for (ℓp(β), ⋄). These observations establish
the following corollary.
Corollary 2.4. (ℓp(β), ⋄) is a unital commutative Banach algebra.
Theorem 2.5. Let d ∈ N0, αi ∈ R, u(z) = zm0 and ϕ(z) =
∑d
m=0 αmz
m.
(a) If
α :=
∞∑
n=m0
(
δnβ(n)
δm0δn−m0
)p(∑
L∈N0
(
|θn−m0,L|
β(L)
)q
) p
q
<∞,
then u ⋄ Cϕ is a bounded operator on lp(β).
(b) If u ⋄ Cϕ is a bounded operator on lp(β), then
M := sup
l≥0
[∑∞
n=m0
(
δn|θn−m0,l|β(n)
δm0δn−m0
)p] 1p
β(l)
<∞
with M ≤ ‖u ⋄ Cϕ‖.
Proof. (a) Let f ∈ lp(β). Then we have
f ◦ ϕ(z) = f(ϕ(z)) =
∞∑
n=0
fˆ(n)(ϕ(z))n =
∞∑
n=0
fˆ(n)(
d∑
m=0
αmz
m)n
=
∞∑
n=0
fˆ(n)
 ∑
(l0,l1,...,ld)∈N(n)
n!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
z
∑
d
i=1 ili
 .
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This implies that
f̂ ◦ ϕ(n) =
∑
L∈N0
fˆ(L)
 ∑
(l0,l1,...,ld)∈N(n,L)
L!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
 = ∑
L∈N0
fˆ(L)θn,L,
and
̂u ⋄ (f ◦ ϕ)(n) =
n∑
k=0
δn
δkδn−k
uˆ(k)f̂ ◦ ϕ(n− k).
Since u(z) = zm0 , we get that
̂u ⋄ (f ◦ ϕ)(n) =
{
δn
δm0δn−m0
∑
L∈N0
fˆ(L)θn−m0,L n ≥ m0
0 n < m0.
Thus
‖u ⋄ (f ◦ ϕ)‖pβ =
∞∑
n−m0
δpn
δpm0δ
p
n−m0
|
∑
L∈N0
fˆ(L)θn−m0,L |p β(n)p
=
∞∑
n=m0
δpnβ(n)
p
δpm0δ
p
n−m0
|
∑
L∈N0
fˆ(L)β(L)
θn−m0,L
β(L)
|p.
Now, by Ho¨lder inequality we have
‖u ⋄ (f ◦ ϕ)‖pβ ≤ ‖f‖pβ
∞∑
n=m0
δpnβ(n)
p
δpm0δ
p
n−m0
(∑
L∈N
(
|θn−m0,L|
β(L)
)q
) p
q
.
Thus ‖u ⋄ Cϕ‖p ≤ α, and so u ⋄ Cϕ is bounded.
(b) Let u ⋄ Cϕ ∈ B(lp(β)). Let fl(z) = zl, then by part (a) we have
̂u ⋄ (fl ◦ ϕ)(n) = δn
δm0δn−m0
∑
L∈N0
fˆl(L)
 ∑
(l0,l1,...,ld)∈N(n−m0,L)
L!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!

=
δn
δm0δn−m0
 ∑
(l0,l1,...,ld)∈N(n−m0,L)
L!αl00 α
l1
1 ...α
ld
d
(l0)!...(ld)!
 .
Hence
‖u ⋄ (fl ◦ ϕ)‖pβ =
∞∑
n=m0
[
δn|θn−m0,L|β(n)
δm0δn−m0
]p
≤ ‖u ⋄ Cϕ‖pβ(l)p,
so M ≤ ‖u ⋄ Cϕ‖. This completes proof.
Corollary 2.6. Let m1,m2 ∈ N0, u(z) = zm1, and let ϕ(z) = zm2 .
(a) Put
γ = sup
n∈Bm1,m2
δnβ(n)
δm1δn−m1β(
n−m1
m2
)
,
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where Bm1,m2 := {n : n ≥ m1 and n−m1 ∈ M(m2)}. If γ < ∞, then u ⋄ Cϕ is a
bounded operator on lp(β) and ‖u ⋄ Cϕ‖ ≤ γ.
(b) If u ⋄ Cϕ is a bounded operator on lp(β), then
K := sup
m∈N0
δm1+mm2β(m1 +mm2)
δmm2δm1β(m)
<∞,
with K ≤ ‖u ⋄ Cϕ‖.
Proof. (a) Let f ∈ lp(β). Then precisely the same calculation as that shown in
the proof of Theorem 2.5 yields that
̂u ⋄ (f ◦ ϕ)(n) =
{
δnfˆ(
n−m1
m2
)
δm1δn−m1
n ∈ Bm1,m2
0 n /∈ Bm1,m2 .
Then
‖u ⋄ (f ◦ ϕ)‖pβ =
∑
n∈Bm1,m2
(
δnβ(n)
δm1δn−m1
)p|fˆ(n−m1
m2
)|p
=
∑
n∈Bm1,m2
(
δnβ(n)
δm1δn−m1β(
n−m1
m2
)
)p
|fˆ(n−m1
m2
)|pβ(n−m1
m2
)p
≤ γp
∑
n∈Bm1,m2
|fˆ(n−m1
m2
)|pβ(n−m1
m2
)p ≤ γp‖f‖pβ.
This implies that ‖u ⋄ Cϕ‖ ≤ γ.
(b) Let u ⋄ Cϕ ∈ B(lp(β)). Let fm(z) = zm, then we get that
̂u ⋄ (fm ◦ ϕ)(n) =
{
δmm2+m1
δm1δmm2
n = mm2 +m1
0 otherwise.
Thus
‖u ⋄ (fm ◦ ϕ)‖pβ =
(
δmm2+m1β(mm2 +m1)
δm1δmm2
)p
≤ ‖u ⋄Cϕ‖pβ(m)p.
This implies that K ≤ ‖u ⋄ Cϕ‖ <∞. ✷
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